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Abstract. We study the von Neumann algebra generated by q-deformed 
Gaussian elements U + I* where operators U fulfill the q-deformed 
canonical commutation relations Ul* — ql-j*U = Sij for —1 < q < 1. 
We show that if the number of generators is finite, greater than some con- 
stant depending on q, it is a IIi factor which does not have the property 
r. Our technique can be used for proving factoriality of many exam- 
ples of von Neumann algebras arising from some generalized Brownian 
motions, both for type IIi and type III case. 

1. Introduction 
In 1970 Frisch and Bourret IF BTOl considered commutation relation 
(1) l4,i;-qi;^ = (cl),-i|;) 

fulfilled by annihilation operator I and its adjoint creation operator 1* for 
q G M. Annihilation and creation operators are indexed by elements of 
a fixed real Hilbert space IKr and they act on a complex Hilbert space 5", 
called Pock space. There is a distinguished unital vector O G 5", called 
vacuum, such that = for every cf) G IKr. It was a long time until 
Bozejko and Speicher [BS94| showed in 1994 the existence of the operators 
considered by Frisch and Bourret for all —1 < q < 1 . 

Frisch and Bourret were studying generalized Gaussian variables L<j, = 
l(j3 + l*^; it turns out that the algebra Fq generated by [L^^) can be equipped 
with a tracial state a ^—^ (O, aO). The motivation for studying such Gauss- 
ian variables is that if q = 1 then ([T]) coincides with the canonical commu- 
tation relations and hence (L^jj) can be identified with a family of classical 
Gaussian random variables; for q = — 1 relation ([T]) coincides with the 
canonical anticommutation relations; furthermore it turned out much later 
that for q = relation ([T]) coincides with the free relation and hence [L^) 
is a family of Voiculescu semicircular elements IIVDN92I . 

In this article we will study the von Neumann algebra Fq generated by 
q-deformed Gaussian variables L^j,. Since for q = these von Neumann 
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algebras are isomorphic to the free group factors, we can consider the gen- 
eral case as a 'smooth' deformation of this eminent case. Not too much is 
known about Fq, in particular it is not clear if it is always isomorphic to the 
free group factors. Bozejko and Speicher IIBS94 I showed that under cer- 
tain conditions Fq is non-injective; recently Nou LNou02 1 showed that it is 
enough to assume that —1 < q < 1 and dim [Km > 2. Recently Shlyakht- 
enko |Shl031 showed that if |q| < \f2. — 1 and dim > 2 then algebras 
Fq are solid (cf. |Oza03|) and if they are factors then they do not have the 
property F. 

Bozejko, Kiimmerer and Speicher IIBKS97I showed that if the number of 
generators is infinite (i.e. if dim = oo) then for every — 1 < q < 1 the 
algebra Fq is a II i factor. In this article we show that this result remains true 
if the number of generators is finite, greater than some constant depending 
on q and that this factor does not have the property F. We also point out 
that the same proof can be used for proving the analogous result for many 
other von Neumann algebras, both finite and infinite. 

2. Notations 

If not stated otherwise, all results presented in this section are due to 
Bozejko and Speicher liBS94J . 

2.1. Fock space. Let [Kr be a real Hilbert space equipped with a bilinear 
scalar product (■,■); we will denote its complexification by J{ and the corre- 
sponding sesquilinear scalar product by (■,■). Let furthermore —1 < q < 1 
be fixed. For integer n > we introduce an operator P'^^ : !K®^ — > 
given by 

(2) P<"H^Pl ®---®^l^n] = q"'"llJa(l)®---®llJa(n), 

treSn 

where inv cr is the number of inversions in a, i.e. the number of pairs (i, j) 
such that 1 < i < j < n and 0"(i) > cr(j). Operator P'"^' is strictly positive, 
therefore we can equip CK®"^ with a new scalar product 

(a),¥)q = ((D,p'-M, 

for O,^ G where (•, ■) denotes the standard scalar product on JC*^"^. 
In the following by CK®"^ we will mean the n-fold tensor product equipped 
with the standard scalar product (■ , ■) and by "K^^ the n-fold tensor product 
equipped with the scalar product (■, ■)q. 

The q-Fock space 5" is a complex Hilbert space defined by 

n>0 
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where the term [K® ° should be understood as one-dimensional space CD. 
for some unital vector O. By J{ (g) 5" we will mean the tensor product of 
Hilbert spaces "K and 3^ equipped with the canonical scalar product of the 
scalar product in IK and the scalar product in 3". 
We consider the Hilbert space 

n>l 

and the map 

(3) j : K ® 3^ ^ 3^+ 

given by the trivial mapping of Hilbert spaces 

Please note that the map Q is not as trivial as it might appear since the 
scalar products are different on the domain and on the range. 

Proposition 2.1. For every — 1 < q < 1 there exist constants C-\, C2 such 
that for every choice of the real Hilbert space IKk 

iijii<ci, iri<c2. 

Similar inequalities hold for the right trivial mapping IF® IK — > 5"+ given 
by ® ■ ■ ■ ^ xpn) ® 4^ 1-^ ® ■ ■ ■ ® il^n ® ct"- 

Proof. Bozejko and Speicher showed that 

1 — Iql 

and Bozejko fBoz981 showed that there exists a positive constant a> ( q ) such 
that for each n we have 

1 



1 ®P'^' < 



(n+l) 



□ 

2.2. Annihilation and creation operators. For (\) G Kr we consider left 
and right creation operators l^, : 3^ — > 5" defined on elementary tensors 
by 

(4) l^lbl ®---®-l|^n] =*®i1Ji ®---®M^n, 



(5) rl[^\)^®■■■^^\)^)^^\)^®■■■^^\)^^(^. 

We also consider their adjoints: left and right annihilation operators 

l<i<rL 
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l<i<rL 

where denotes an omitted factor and n > 1 . The case n = should be 
understood as = r^^Cl = 0. All creation and annihilation operators are 
bounded. 

Remark. Please note that in the definition of the annihilation operators the 
natural extension of the bilinear scalar product ( ■ , ■ ) was used and not the 
sesquilinear scalar product (-,■). 

2.3. Von Neumann algebra. Let Fq denote the von Neumann algebra gen- 
erated by the family of selfadjoint operators : 3^ —> 3^ given by 

l-tt> = 1-4. + 1-4,- 

for cj) G "Kr. Algebra Pq is equipped with a faithful tracial state x i-^^ 
(O, xO). Vector CI is separating and cyclic for Fq; let J : 3" — > 5" denote the 
canonical involution. Then JLjjjJ = R^,, where 

for E !K]R. Operators (Lc|,) commute with operators [R-^) IBXOOI . 

3. The main result 

Let us fix some finite-dimensional real Hilbert subspace [K^ C 'Ku and 
let ei , . . . , ea be an orthonormal basis of "K^. We denote by CK' the com- 
plexification of Oi^. 

In Section m we will define a certain operator M. It is enough to know 
now that |Mp : ^ 5" is given by 

(8) |M|^ = M*M = _^(Le, -ReJ^. 

i 

In SectionlUwe will show the following. 

Proposition 3.1. CCl belongs to the kernel o/|M|. 

For every — 1 < q < 1 there exists do such that if d > do then the 
restriction o/|M.| to the space 3"+ is strictly positive in the sense that 

|M| > e > 

holds for some e. 

The above result has an immediate consequence. 

Theorem 3.2. Let dn be the constant from Proposition \3.1\ TfdimCKR > do 
(the case dim J{k — oo is allowed) then Fq is a 11^ factor which does not 
have the property F. 
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Proof. We choose finite-dimensional 'K^ C [Kr in such a way that dim "K^ > 
do. 

Let a G Pq be central; it follows that a commutes with |M.| hence |M|an = 
a|M.|0 = and aO belongs to the kernel of |M|. Proposition 13 . 1 1 implies 
that aO G CD.. Since CI is separating it follows that a G C hence Fq is a 
factor. 

The following observation was pointed out to me by Dimitri Shlyakht- 
enko. The operator |M.| belongs to the C*-algebra generated by Fq and JFqJ. 
Proposition l3 . 1 I shows that the kernel of |M| is equal to CO and that the zero 
eigenvalue is separated. It follows that the orthogonal projection 3^ — > CO 
belongs to C*(Fq, JFqJ). By the resuh of Connes ICon7Bll it follows that Fq 
does not have the property F. 

□ 

4. Inequalities 
We define M : 3" ^ :K S'hy 

M((D]=}^e,®(U,(cD]-Re,(cD)). 

i 

It is easy to check that © is indeed fulfilled. We also define auxiliary maps 
vn, : J' —> Ji ® J' given by 

m((D)=^et® (lejO)-re,((D)), 

i 

mn(I>)=^et® (i:jO)-r;(0)). 

i 

Clearly M = m+m^ . Please note that the definitions of the above operators 
do not depend on the choice of the orthonormal basis (ct). 

Lemma 4.1. The norm of m fulfills 

||m|| < 2Ci, 

where Ci is the constant from ProDOsition \2.1\ 

Proof. Consider the map mi : 3"+ "K^J given by 

m;0 = _^et® (le.O). 

i 

Its adjoint mjf : ^ ® 3" 3"+ is given by 

i 

where j denotes the trivial map Q and TTjf/ : J{ — > CK' is the orthogonal 
projection. Therefore ||rat|| ~ < < Ci. 



6 PIOTR SNIADY 

Similar inequality can be obtained for the right annihilator 

i 

it remains to notice that m = + mr- □ 
Lemma 4.2. The restriction o/|m^| to the space fulfils 

m' > ^— . 

Proof. Consider the map S : 3"+ ^ 5"+: 

where TT^k' : 3^ — > IK' denotes the orthogonal projection. Proposition 12.11 
implies that ||S|| < CiCa. 

Consider the map i:'K®'K®J^3^ given by 

k 

its norm is equal to ||^^ Cg) ek|| = V^. From Proposition lO] it follows 
that f : J{ ® 3^+ ^ 9^ given by 

f (cj) (g) (Xpi ® ■ ■ ■ ® ^\>n]) = ( ^ gk (g Ck, Cj) (8) Ipi ) \|;2 (g • • • (g Ipn 

k 

fulfills ||f II < C2V^ (because the only difference between the maps f and f 
is the choice of the norm on the domain). 
It is easy to check that for O G 5"^ 

fm^cD = (d-S)(D. 

It follows 

C2\/d||m^(0)|| > ||fm^(0)|| = ||(d-S)(D|| > (d-CiC2) ||0||. 

□ 

Proof of Proposition \3.1\ It is easy to check that £1 belongs to the kernel of 
|Mp. 

Observe that if the restrictions of the operators to the space 9^+ fulfill 

Im"'"! > ||m|| 

then the restriction of |M| = jm^" + ra| to 3"+ is strictly positive. Estimates 
from the above Lemmas finish the proof. □ 
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Remark. For the case q = one can take Ci = C2 = 1 and Theorem 
13.21 shows factoriality of Vq for dim JCk > 6 while we know (from the free 
group construction) that it is valid also for dim J-C^ > 2 therefore our result 
is far from being fully satisfactory. 

5. Generalizations 

A careful reader might easily observe that in Sections |3] and |4| we used 
only very few properties of Bozejko-Speicher algebras. In particular, we 
did not use the exact form of the symmetrizer Q and of the annihilation 
operators ©, nor the existence of the tracial state a ^— > (H, aCl). 

It follows that our proof can be used in a more general context to proof 
factoriality (both in type IIi and type III case) of some von Neumann al- 
gebras arising from some generalized Brownian motions for which an ana- 
logue of Propo sition 12 . 1 1 holds . 

It is easy to find a whole zoo of examples since already Bozejko and 
Speicher in their original article [BS94| considered symmerizations arising 
from Yang-Baxter operators which are much more general than ©; Krolak 
IKroOOl generalized further these results. Also Hiai [Hia03| generalized 
results of Shlyakhtenko [|Shl97l and constructed von Neumann algebras 
which are q-analogues of free Araki-Woods algebras. It was pointed out 
to me by Madalin Guja that the generalized Brownian motions considered 
in the work LGM02J might also provide appropriate examples. 
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